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POLARIZED ENDOMORPHISMS OF NORMAL PROJECTIVE
THREEFOLDS IN ARBITRARY CHARACTERISTIC
PAOLO CASCINI, SHENG MENG, AND DE-QI ZHANG
Abstract. Let X be a projective variety over an algebraically closed field k of arbitrary
characteristic p ≥ 0. A surjective endomorphism f of X is q-polarized if f∗H ∼ qH for
some ample Cartier divisor H and integer q > 1.
Suppose f is separable and X is Q-Gorenstein and normal. We show that the
anti-canonical divisor −KX is numerically equivalent to an effective Q-Cartier divisor,
strengthening slightly the conclusion of Boucksom, de Fernex and Favre [5, Theorem
C] and also covering singular varieties over an algebraically closed field of arbitrary
characteristic.
Suppose f is separable and X is normal. We show that the Albanese morphism of
X is an algebraic fibre space and f induces polarized endomorphisms on the Albanese
and also the Picard variety of X , and KX being pseudo-effective and Q-Cartier means
being a torsion Q-divisor.
Let fGal : X → X be the Galois closure of f . We show that if p > 5 and co-prime
to deg fGal then one can run the minimal model program (MMP) f -equivariantly, after
replacing f by a positive power, for a mildly singular threefold X and reach a variety
Y with torsion canonical divisor (and also with Y being a quasi-e´tale quotient of an
abelian variety when dim(Y ) ≤ 2). Along the way, we show that a power of f acts as
a scalar multiplication on the Neron-Severi group of X (modulo torsion) when X is a
smooth and rationally chain connected projective variety of dimension at most three.
Contents
1. Introduction 2
2. Preliminary results 5
3. Proof of Theorem 1.1 9
4. KX pseudo-effective case 10
5. Proof of Theorems 1.2 and 1.4 12
6. Descending of polarized endomorphisms 17
7. Endomorphisms compatible with a fibration 19
8. Q-abelian case 20
2010 Mathematics Subject Classification. 14H30, 32H50, 14E30, 11G10, 08A35.
Key words and phrases. polarized endomorphism, iteration, equivariant MMP in positive character-
istic, Q-abelian variety, Albanese map.
1
2 PAOLO CASCINI, SHENG MENG, AND DE-QI ZHANG
9. Global index-1 cover 23
10. Surface case and the proof of Theorem 1.5 25
11. Proofs of Theorems 1.6, 1.7 and 1.8 29
References 31
1. Introduction
We work over a fixed algebraically closed field k of arbitrary characteristic p ≥ 0.
Let X be a projective variety over the field k and f : X → X a surjective endomor-
phism. We say that f is q-polarized (resp. numerically q-polarized) by H , if there is an
ample Cartier divisor H such that f ∗H ∼ qH , a linear equivalence (resp. f ∗H ≡ qH ,
a numerical equivalence) for some integer q > 1. When char k = 0, being numerically
polarized is equivalent to being polarized after replacing H (cf. [27, Lemma 2.3]). In
Section 5, Theorem 5.1, we generalize this result to arbitrary characteristic if we further
assume X is normal and f is separable.
Let X be a Q-Gorenstein normal projective variety over the field k admitting a polar-
ized separable endomorphism. Boucksom, de Fernex and Favre [5, Theorem C] showed
that if X is further smooth and char k = 0, then −KX is pseudo-effective. Our first
Theorem 1.1 below strengthens a bit their conclusion and also covers singular varieties
over the field k of arbitrary characteristic.
Theorem 1.1. Let f : X → X be a polarized separable endomorphism of a Q-Gorenstein
normal projective variety X of dimension n ≥ 0 over the field k of arbitrary characteristic.
Then −KX is numerically equivalent to an effective Q-Cartier divisor. In particular, if
Alb(X) is trivial (cf. Section 5), then we have the Iitaka D-dimension κ(X,−KX) ≥ 0.
Our next Theorem 1.2 below affirmatively answers Krieger - Reschke [20, Question
1.10] and generalizes [24, Corollary 1.4] to all characteristics, the proof of which is very
different, due to the lack of practical characterizations of abelian varieties in positive
characteristics. It is also used in the proof of Theorems 1.4 and 1.6.
Theorem 1.2. Let f : X → X be a numerically q-polarized separable endomorphism of
a normal projective variety X. Then we have the following.
(1) The Albanese morphism (cf. Section 5) albX : X → Alb(X) is surjective with
(albX)∗OX = OAlb(X) and all the fibres of albX are irreducible and equi-dimensional.
The induced morphism g : Alb(X)→ Alb(X) is q-polarized separable.
(2) The Albanese map (cf. Section 5) albX : X 99K Alb(X) is dominant and the
induced morphism h : Alb(X)→ Alb(X) is q-polarized separable.
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(3) The dual f̂ : Pic0(X)red → Pic
0(X)red is numerically q-polarized.
Question 1.3. Let f : X → X be a polarized separable endomorphism of a normal
projective variety X. Does KX being pseudo-effective imply X being Q-abelian?
Question 1.3 above was just [27, Conjecture 1.2]. In positive characteristic 2 or 3, there
are examples X , due to L. Moret-Bailly, such that eachX is a smooth projective surface or
threefold with all ℓ-adic Chern classes ci(X) vanishing but with X not being a Q-abelian
variety; we do not know whether these X admit separable polarized endomorphisms or
not; see [22, §7.3] for details and references.
Question 1.3 has a positive answer when dim(X) = 2, char k > 5 and p ∤ deg fGal
(cf. Theorem 1.5), or when X is a klt projective variety over C, by first showing the
vanishing of the Chern classes ci(X), i = 1, 2, and then appealing to a result generalizing
Yau’s characterization of Q-abelian varieties in terms of the vanishing of the first two
Chern classes (cf. Lemma 4.3, Theorem 1.4, [27, Theorem 3.4], [12, Theorem 1.21] and
[24, Lemma 4.6]). Such characterization does not hold in positive characteristic (cf. [22]).
We are not able to answer Question 1.3 in higher dimension. But we have:
Theorem 1.4. Let f : X → X be a numerically polarized separable endomorphism of
a normal projective variety X with KX being pseudo-effective and Q-Cartier. Then f is
quasi-e´tale and KX ∼Q 0.
With the above results, we are ready to run an f -equivariant minimal model program
(MMP) over the field k of arbitrary characteristic. We refer to [19] for the definitions of
canonical, klt or lc singularities, and [15] for the definition of strongly F-regular singularity.
In the case of characteristic 0, one can run the MMP f -equivariantly for mildly singular
X in any dimension and reach a Q-abelian variety (i.e. a quasi-e´tale quotient of an abelian
variety; see 2.1) or a Fano variety (i.e. the anti-canonical divisor −KX is ample) of Picard
number one (cf. [24, Theorem 1.8]). In the case of positive characteristic, a surjective
endomorphism might be ramified everywhere. So we need to consider the separable
endomorphisms in order to apply the ramification divisor formula which is crucial and
automatically satisfied in the case of characteristic 0. Another problem in the case of
positive characteristic is that the MMP is not fully established (only known for lc 3-
fold with characteristic > 5, cf. [32] and the references therein). Moreover, after a Fano
contraction, we want the base variety still to have mild singularities so that we can further
run the MMP on the base variety; this is taken care of by Theorems 1.5 and 10.2.
In the case of characteristic 0, Nakayama [26, Section 7.3] showed that a normal pro-
jective surface X having KX ∼Q 0 and a quasi-e´tale non-isomorphic endomorphism f ,
is Q-abelian. In particular, X is klt and Q-factorial. In positive characteristic, we are
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unable to show that X is lc even when f is separable, since f may have wild ramification.
But when p ∤ deg fGal and p > 5, we have the same result below. Here for a separable
finite surjective morphism h : X1 → X2, denote by h
Gal : X1 → X2 its Galois closure.
Theorem 1.5. Let f : X → X be a polarized endomorphism of a normal projective
surface X over the field k of characteristic p > 5. Suppose p ∤ deg fGal and KX is
pseudo-effective. Then X is a Q-abelian surface. In particular, X is Q-factorial and klt.
To state the remaining results, we need the following hypothesis.
Hyp(A). Fix a Q-factorial klt normal projective variety X of dim(X) ≤ 3 over the field
k with characteristic p > 5, and a q-polarized endomorphism f : X → X with p and q
being co-prime.
The assumption above that p and q are co-prime is equivalent to that p and deg f =
qdim(X) are co-prime, and cannot be simply weakened to that f is separable in our argu-
ments of showing that the extremal rays in the MMP are f -periodic. This is because a
separable map f may not restrict to a separable map on a subvariety; see Remark 6.3.
The assumption p > 5 is needed in order to run the MMP and apply Hara’s result [15]:
klt surface singularities are strongly F -regular.
Theorem 1.6. Assume f : X → X satisfies the hypothesis Hyp(A). Then, replacing f
by a positive power, there is an f -equivariant MMP
X = X1 99K · · · 99K Xi 99K · · · 99K Xr = Y
(i.e. f = f1 descends to fi on each Xi), with every Xi 99K Xi+1 a divisorial contraction,
a flip or a Fano contraction, of a KXi-negative extremal ray, such that we have:
(1) KY ∼Q 0 and fr is quasi-e´tale.
(2) If KX is pseudo-effective, then X = Y .
(3) For each i, fi is a q-polarized endomorphism.
(4) f ∗ |N1(X) is a scalar multiplication: f
∗ |N1(X) = q id, if and only if so is f
∗
r |N1(Y ).
Suppose further p ∤ deg fGal. Then we have:
(5) If KX is not pseudo-effective, then Y is Q-abelian; so the MMP is relative over
Y .
(6) For each i, Xi is Q-factorial lc, and Xi 99K Y is an equi-dimensional well-defined
morphism with every fibre irreducible.
(7) If Xi 99K Xi+1 is birational for some i, then dim(Y ) ≤ dim(Xi)− 2 and f
∗ |N1(X)
is a scalar multiplication.
(8) If dim(Y ) > 0, then Xi is klt for each i.
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Theorem 1.7. Assume f : X → X satisfies the hypothesis Hyp(A) with p ∤ deg fGal
and Y the end product of the MMP in Theorem 1.6. Then one of the following occurs.
(1) X = Y and dim(X) ≥ 2, KX ∼Q 0, and f is quasi-e´tale.
(2) dim(Y ) ≤ 1. So f ∗ |N1(X) = q id, after replacing f by a positive power.
(3) The X 99K Y in Theorem 1.6 is a Fano contraction of a KX-negative extremal
ray.
If dim(Y ) > 0, then the e´tale fundamental group πe´t1 (Xreg) of the smooth part Xreg of X
is infinite.
Let X be a normal projective variety which is rationally chain connected; see [7, Defi-
nition 4.21]. It is known that Alb(X) is trivial and the e´tale fundamental group of such
X is finite (cf. [18, Theorem 1.6]). This, together with Theorems 1.1, 1.6 and 1.7, imply
the following.
Theorem 1.8. Assume f : X → X satisfies the hypothesis Hyp(A) and p ∤ deg fGal.
Assume further that X is smooth and rationally chain connected. Then we have:
(1) κ(X,−KX) ≥ 0.
(2) The MMP in Theorem 1.6 ends up with a point.
(3) Replacing f by a positive power, f ∗|N1(X) = q id.
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2. Preliminary results
2.1. Notation and terminology.
Let X be a projective variety of dimension n over the field k. We use Cartier divisor
H (always meaning integral, unless otherwise indicated) and its corresponding invertible
sheaf O(H) interchangeably. Denote by N1(X) := NS(X) ⊗Z R, where NS(X) is the
Ne´ron-Severi group. Note that N1(X) can also be regarded as the quotient vector space
of R-Cartier divisors modulo the numerical equivalence; see e.g. [24, Definition 2.1] for
the definition of numerical equivalence “≡” of R-Cartier divisors. Denote by PEC(X)
the closure of the set of classes of effective R-Cartier divisors in N1(X). An R-Cartier
divisor D is said to be pseudo-effective if its class [D] ∈ PEC(X); see e.g. [24, Definition
2.4] for a bit more information.
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Let f : X → X be a surjective endomorphism. A subset Z ⊆ X is f (resp. f−1) periodic
if f s(Z) = Z (resp. f−s(Z) = Z) for some s > 0. We say that f is numerically q-polarized
if there is an ample Cartier divisor H such that f ∗H ≡ qH (numerical equivalence) for
some integer q > 1; note that (qH)n = (f ∗H)n = (deg f)Hn and hence deg f = qn ≥ 2.
Let g : X → Y be a finite surjective morphism of normal varieties. We say that g
is separable if the induced field extension g∗ : k(Y ) → k(X) is separable. Suppose g
is separable. Then we have the ramification divisor formula KX = g
∗KY + Rg, where
Rg is the ramification divisor of g (cf. [28, Lemma 4.4] or Proposition 2.2). We say g
is quasi-e´tale (or e´tale in codimension 1) if Rg = 0. We say Y is Q-abelian if there is a
quasi-e´tale morphism g : X → Y from an abelian variety X .
Proposition 2.2. (cf. [28, Lemma 4.4]) Let f : X ′ → X be a separable finite surjective
morphism of normal varieties over the field k of characteristic p. Let P be a prime divisor
on X ′ and let r be the ramification index of f along P . Then there exists a non-negative
integer b ≥ r − 1 such that KX′ = f
∗KX + bP holds around the generic point of P and
b > r− 1 holds exactly when p|r. In particular, we have the ramification divisor formula:
KX′ = f
∗KX +Rf ,
where Rf :=
∑
P bP is the ramification divisor of f .
Let Y be a normal birational model of X and Y ′ the normalization of Y in K(X ′) with
the induced finite surjective morphism g : Y ′ → Y . Suppose for any Y , the ramification
index of g along any prime divisor of Y ′ is co-prime with p. We say f : X ′ → X is tame.
Denote by fGal : X → X the Galois closure of f : X ′ → X . If fGal is tame, then so is f .
Since fGal is Galois, if p ∤ deg fGal, then fGal is tame.
Let ∆ be a Weil Q-divisor on X such that KX + ∆ is Q-Cartier. Let ∆
′ be a Weil
Q-divisor on X such that KX′ +∆
′ = f ∗(KX +∆X). Consider the following diagram:
Y ′
π′ //
g

X ′
f

Y
π // X
where π is a birational morphism from a normal variety Y and Y ′ is the normalization
of the fibre product of π and f . Let E be an exceptional prime divisor of π and E ′ an
exceptional prime divisor of π′ which dominates E. Let r be the ramification index of
g along E ′. Then near the generic point of E ′, we have KY ′ = g
∗KY + bE
′ for some
integer b ≥ r−1. Write ∆ =
∑
δi∆i with ∆i distinct prime divisors. Recall that the pair
(X,∆) is subklt (resp. sublc) if the coefficients δi < 1 (resp. δi ≤ 1) and the discrepancies
a(E,X,∆) > −1 (resp. ≥ −1) for all exceptional prime divisors E over X . A subklt
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(resp. sublc) pair is klt (resp. lc) if further ∆ ≥ 0; see [19]. As in the proof of [19,
Proposition 5.20], there is a relation between discrepancies of the two pairs:
a(E ′, X ′,∆′) + 1 = r(a(E,X,∆) + 1) + (b− r + 1),
where E above is a prime divisor (not necessarily exceptional) over X . In the above, we
have b ≥ r − 1, as mentioned early on. Thus, we have the following:
Lemma 2.3. Assume the above notation. Then we have:
(1) If (X,∆) is subklt or sublc, then so is (X ′,∆′).
(2) Suppose f is tame. Then the converse of (1) holds.
Remark 2.4. In positive characteristic, Lemma 2.3(2) fails for non-tame f ; see [28,
Example 4.8] for an easy counterexample.
Let E/F be a finite field extension. Denote by [E : F ]s the separable degree and by
[E : F ]i the inseparable degree. The following lemma shows that the separable property
is stable via the equivariant lifting of a finite cover and the equivariant descending.
Lemma 2.5. Let j : F → E, σ : F → F and τ : E → E be the field extensions of fields
F and E such that τ ◦ j = j ◦ σ. Suppose σ and τ are finite field extensions and E is
finitely generated over j(F ). Then the following are true.
(1) Suppose j is a finite field extension. Then σ is separable if and only if τ is
separable.
(2) Suppose j(F ) is algebraically closed in E and τ is separable. Then σ is separable.
(3) Suppose τ is separable. Then so is σ.
Proof. (1) By multiplicativity and since the extension j(F )/j(σ(F )) is equivalent to that
of F/σ(F ), we have [E : j(σ(F ))]i = [E : j(F )]i[F : σ(F )]i. Similarly, [E : τ(j(F ))]i =
[E : τ(E)]i[E : j(F )]i. Thus, by the equality j(σ(F )) = τ(j(F )), [E : τ(E)]i = 1 holds if
and only if so does [F : σ(F )]i = 1.
(2) Suppose F/σ(F ) is not separable. Then there exists a ∈ F/σ(F ) such that its
minimal polynomial f [x] ∈ σ(F )[x] is non-separable. Since j(F ) is algebraically closed in
E, j(f [x]) ∈ τ(E)[x] is also a non-separable minimal polynomial of j(a), a contradiction.
(3) Let j factor through j1 : F → K and j2 : K → E such that j1 is algebraic and
j2(K) is algebraically closed in E, which is the algebraic version of the geometric Stein
factorization. Since E is finitely generated over j(F ), j1 is a finite extension. Note that
there exists an extension ϕ : K → K such that ϕ ◦ j1 = j1 ◦ σ and τ ◦ j2 = j2 ◦ ϕ. Now
(3) follows from (1) and (2). 
8 PAOLO CASCINI, SHENG MENG, AND DE-QI ZHANG
Lemma 2.6. Let π : X 99K Y be a dominant rational map of two normal varieties
such that k(Y ) is separably closed in k(X) (This holds when π is a surjective projective
morphism with connected fibres). Let f : X → X and g : Y → Y be two separable
surjective endomorphisms such that g◦π = π◦f . Then deg gGal| deg fGal. Suppose further
that k(X)/k(Y ) is a purely inseparable finite extension. Then deg gGal = deg fGal.
Proof. Write f : X1 = X → X2 = X and g : Y1 = Y → Y2 → Y . Write f
Gal : X → X2
and gGal : Y → Y2. Then we have the following field extensions.
k(X) k(Y )
k(X1)
OO
k(Y1)oo
OO
k(X2)
OO
k(Y2)oo
OO
Write k(Y1) = k(Y2)[a] for some a ∈ k(Y1) with s[x] ∈ k(Y2)[x] the minimal separable
polynomial of a. Since k(Y ) is separably closed in k(X), s[x] is also irreducible and
separable in k(X2). So k(X) contains all the roots of s[x]. Note that k(Y ) is the splitting
field of s[x]. Then k(Y ) is a subfield of k(X). Since k(Y ) is separably closed in k(X),
similarly we have |k(Y )/k(Y2)| = |k(Y ) · k(X2)/k(X2)|. In particular, deg g
Gal| deg fGal.
Suppose further k(X)/k(Y ) is purely inseparable. Consider the separable degree [k(Y1)·
k(X2) : k(Y2)]s of k(Y1) · k(X2)/k(Y2). By multiplication law, we have [k(Y1) · k(X2) :
k(Y2)]s = [k(Y1) · k(X2) : k(X2)]s = [k(Y1) : k(Y2)]s = |k(Y1)/k(Y2)| = |k(X1)/k(X2)|.
In particular, k(X1) = k(Y1) · k(X2) and hence k(Y ) · k(X2) contains k(X1). Note that
k(Y )·k(X2)/k(X2) is Galois. So k(X) = k(Y )·k(X2). Therefore, deg g
Gal = deg fGal. 
We will use the following fact in Galois theory.
Lemma 2.7. Let E1/F and E2/F be the finite field extensions. Suppose E2/F is Galois.
Then K := E1 · E2/E1 is Galois and
|E2/F |
|K/E1|
is an integer.
Lemma 2.8. Let E2/E1 and E3/E2 be two Galois extensions of degree co-prime to p.
Let F/E1 be the Galois closure of E3/E1. Then p ∤ |F/E1|.
Proof. Let E3 = E1[α] = E2[α]. Then F = E3[σ1(α), · · · , σn(α)] where Gal(F/E1) =
{σ1, · · · , σn}. Let Fi = E3[σ1(α), · · · , σi(α)]. We show by induction on i that |Fi/E1|
is co-prime to p. Assume that Fi 6= Fi+1. Note that σi+1(E3)/σi+1(E2) is Galois and
σi+1(E2) = E2 since E2/E1 is Galois. So σi+1(E3)/E2 is Galois with degree co-prime to
p. Note that σi+1(E3) = E2[σi+1(α)]. Then Fi+1 = Fi · σi+1(E3). By Lemma 2.7, Fi+1/Fi
is Galois with degree co-prime to p. So the lemma is proved. 
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Lemma 2.9. Let f1 : X1 → X2 and f2 : X2 → X3 be two finite surjective morphisms of
normal varieties. Let f := f2 ◦ f1. Suppose deg f
Gal
1 and deg f
Gal
2 are both co-prime to p.
Then deg fGal is co-prime to p.
Proof. Clearly, we may assume f1 is Galois. Let Ki be the function field of Xi. Then
K1/K2 is Galois. Let E3/K3 be the Galois closure of K2/K3 which has degree co-prime
to p. Since K1/K2 is Galois with degree co-prime to p, E3 ·K1/E3 is Galois with degree
co-prime to p by Lemma 2.7. Note that the Galois closure of E3 · K1/K3 is the Galois
closure of K1/K3. So the lemma follows from Lemma 2.8. 
3. Proof of Theorem 1.1
We first generalize [24, Proposition 2.9] to the following; see [24, Definition 2.6] for the
notation and symbols involved below.
Proposition 3.1. Let ϕ : V → V be an invertible linear map of a positive dimensional
real normed vector space V . Assume ϕ±1(C) = C for a convex cone C ⊆ V such that
C spans V and its closure C contains no line. Let q be a positive number. Then the
conditions (i) and (ii) below are equivalent.
(i) ϕ(u) = qu for some u ∈ C◦ (the interior part of C).
(ii) There exists a constant N > 0, such that ||ϕ
i||
qi
< N for all i ∈ Z.
Assume further the equivalent conditions (i) and (ii). Then the following are true.
(1) ϕ is a diagonalizable linear map with all eigenvalues of modulus q.
(2) Suppose q > 1. Then, for any v ∈ V such that ϕ(v)− v ∈ C, we have v ∈ C.
Proof. Note that ϕ±1(C) = C implies ϕ±1(C) = C and C
◦
= C◦ since C is a convex
cone. So (i) and (ii) are equivalent and (1) is true by [24, Proposition 2.9].
Assume the equivalent conditions (i) and (ii) and q > 1. Suppose e := ϕ(v)− v ∈ C.
If e = 0, then v = 0 by (1) and since q > 1. Next we assume e 6= 0.
For m ≥ 1, let Em be the convex cone generated by {ϕ
−1(e), · · · , ϕ−m(e)}. Let E∞
be the convex cone generated by {ϕ−i(e)}i≥1. Let E be the convex cone generated by
{ϕ−i(e)}i∈Z. Then all the above cones are subcones of C. Note that ϕ
±(E) = E and
ϕ−1(E∞) ⊆ E∞. Let W be the vector space spanned by E. Since e 6= 0, dim(W ) > 0.
We claim that E∞ spans W . Let W
′ be the vector space spanned by E∞. Then
ϕ−1(W ′) ⊆W ′ and hence ϕ±(W ′) = W ′ since W ′ is finite dimensional and ϕ is invertible.
In particular, ϕi(e) ∈ W ′ for any i ∈ Z and hence W ⊆ W ′. So the claim is proved.
10 PAOLO CASCINI, SHENG MENG, AND DE-QI ZHANG
Now we may assume Em spansW for m≫ 1. This implies E
◦
m ⊆ E
◦
. Therefore, sm :=
m∑
i=1
ϕ−i(e) ∈ E◦m ⊆ E
◦
. Note that lim
n→+∞
ϕ−n(v) = 0 by (ii). Then v = lim
n→+∞
v−ϕ−n(v) =
lim
n→+∞
n∑
i=1
ϕ−i(e) = sm + lim
n→+∞
n∑
i=m+1
ϕ−i(e) ∈ E
◦
= E◦. In particular, v ∈ E ⊆ C. 
Proof of Theorem 1.1. By the ramification divisor formula, f ∗(−KX) − (−KX) = Rf .
Let V be the real vector space N1(X) with a fixed norm. Let C be the cone of classes
of effective R-Cartier divisors in N1(X). Then C spans V and its closure C = PEC(X)
contains no line. Let v = [−KX ] in N
1(X) and ϕ = f ∗|N1(X). Then ϕ
±(C) = C and
ϕ(v) − v ∈ C. Since f is polarized, ϕ(u) = qu for some u ∈ C◦ and q > 1. Applying
Proposition 3.1 for the above settings, we have v ∈ C. So −KX ≡ D for some effective
Q-Cartier divisor D.
Suppose Alb(X) = Pic0(Pic0(X)red) is trivial. Then so is Pic
0(X)red. Hence −KX ∼Q
D and κ(X,−KX) ≥ 0. 
Remark 3.2. In Theorem 1.1, one can remove the assumption “Q-Gorenstein” and still
assert that −KX is weakly numerically equivalent to some effective Weil Q-divisor (cf. [24,
Definition 2.2]). Indeed, the same proof above works by applying Proposition 3.1 to the
cone generated by the classes of effective Weil R-divisors in Nn−1(X) (cf. [24, Definitions
2.2 and 2.4]).
4. KX pseudo-effective case
We first recall a useful result of [27, Lemma 2.1] or [24, Proposition 2.9].
Lemma 4.1. Let f : X → X be a numerically q-polarized endomorphism of a normal
projective variety X. Suppose f ∗D ≡ aD (numerical equivalence) for some R-Cartier
divisor D and a ∈ R. Then either |a| = q or D ≡ 0.
The following remark on Lemma 4.1 is an answer to a question by the referee.
Remark 4.2. It can happen that D 6≡ 0 and a = −q in Lemma 4.1. For example, let
X := P1 × P1 and let f : X → X via f([a : b], [c : d]) = ([c2 : d2], [a2 : b2]). Denote
by p1 : X → P
1 and p2 : X → P
1 the two natural projections. Let H1 := p
∗
1H and
H2 := p
∗
2H where H := [1 : 0] ∈ P
1. Then Pic(X) = ZH1 ⊕ ZH2, H1 +H2 is ample, and
f ∗(H1 +H2) = 2H2 + 2H1. So f is 2-polarized. Note that f
∗(H1 −H2) = 2H2 − 2H1 =
−2(H1 −H2) and H1 −H2 6≡ 0. So it is possible that the eigenvalue is negative.
Lemma 4.3. Let f : X → X be a numerically q-polarized separable endomorphism of
an n-dimensional Q-Gorenstein normal projective variety X. Then the following are
equivalent.
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(1) f is quasi-e´tale.
(2) KX ≡ f
∗KX .
(3) KX ≡ 0.
(4) KX is pseudo-effective.
Proof. For (2) ⇒ (3), we refer to Lemma 4.1.
We then only need to show (4)⇒(1). Suppose that f ∗H ≡ qH for some ample Cartier
divisor H of X and q > 1. Using (f ∗H)n−1 = f ∗H · · · f ∗H to intersect both sides of the
ramification divisor formula KX = f
∗KX +Rf , we obtain
(q − 1)KX ·H
n−1 +Rf ·H
n−1 = 0.
Since KX is pseudo-effective and Rf is effective, KX ·H
n−1 = Rf ·H
n−1 = 0 and hence
Rf = 0. So (1) is proved. 
Remark 4.4. Alternatively, by Theorem 1.1, −KX is pseudo-effective and hence Lemma
4.3 is straightforward.
Lemma 4.5. Let f : X → X be a numerically q-polarized separable endomorphism of a
normal projective variety X. Suppose mKX is effective for some integer m > 0. Then X
is Q-Gorenstein and f is quasi-e´tale; precisely, mKX ∼ 0.
Proof. Suppose f ∗H ≡ qH for some ample Cartier divisor H . Using (f ∗H)n−1 =
f ∗H · · · f ∗H to intersect both sides of the ramification divisor formula KX = f
∗KX+Rf ,
we obtain
(q − 1)KX ·H
n−1 +Rf ·H
n−1 = 0.
Then KX ·H
n−1 = 0 and Rf = 0. Since mKX is effective, mKX ∼ 0. 
We generalize [27, Theorem 3.3] to the case of positive characteristic as follows:
Theorem 4.6. Let X be a strongly F-regular Q-Gorenstein normal projective variety over
the field k of characteristic p > 0. Let f : X → X be a polarized separable endomorphism.
Suppose dim(X) > 1 and KX is pseudo-effective. Then there is a quasi-e´tale cover
π : V → X such that:
(1) V is smooth; and
(2) c1(V ) = 0 and c2(V ) ·A
n−2
V = 0 for some ample Cartier divisor AV of V .
In particular, if X is a surface and p > 3, then V is Q-abelian and hence X is Q-abelian.
Proof. By Lemma 4.3, f is quasi-e´tale and KX ≡ 0. By [2, Main Theorem], the claim
in the proof of [27, Theorem 3.3] holds true for any characteristic. Therefore the same
argument in the proof of [27, Theorem 3.3] works to conclude (1) and (2).
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If X is a surface and p > 3, (1) and (2) imply that V is either an abelian surface or a
hyperelliptic surface by the classification of surfaces (cf. [4]). In particular, V is Q-abelian
and so is X . 
Remark 4.7. In the case of characteristic 0, Theorem 4.6 (1) and (2) imply V is Q-
abelian (cf. [1] and [33]).
5. Proof of Theorems 1.2 and 1.4
Let f : X → X be a surjective endomorphism of a normal projective variety X over k.
Denote by
Alb(X) := Pic0(Pic0(X)red)
which is an abelian variety. Then there is a canonical morphism albX : X → Alb(X)
such that: albX(X) generates Alb(X) and for every morphism ϕ : X → A from X to an
abelian variety A, there exists a unique morphism ψ : Alb(X)→ A such that ϕ = ψ◦albX
(cf. [9, Remark 9.5.25]).
In the birational category, there exists an abelian variety Alb(X) together with a
rational map albX : X 99K Alb(X) such that: albX(X) generates Alb(X) and for every
rational map ϕ : X 99K A fromX to an abelian variety A, there exists a unique morphism
ψ : Alb(X) → A such that ϕ = ψ ◦ albX (cf. [21, Chapter II.3]). If albX is a morphism,
then albX and albX are the same.
By the above two universal properties, f descends to surjective endomorphisms on
Alb(X) and Alb(X).
The purpose of this section is to prove Theorems 1.2, 1.4 and the following:
Theorem 5.1. Let f : X → X be a numerically polarized separable endomorphism of a
normal projective variety over the field k. Then f is polarized.
Lemma 5.2. Let π : X → Y be a morphism between normal projective varieties. Let
p1 : X → Z and p2 : Z → Y be the Stein factorization of π. Suppose there are two finite
endomorphisms f : X → X and g : Y → Y such that g ◦π = π ◦ f . Then there is a finite
endomorphism h : Z → Z such that h ◦ p1 = p1 ◦ f and g ◦ p2 = p2 ◦ h.
Proof. Let X
q1
−→ Z ′
q2
−→ Z be the Stein factorization of p1 ◦ f . Then X
q1
−→ Z ′
p2◦q2
−−−→ Y
and X
p1
−→ Z
g◦p2
−−→ Y are both the Stein factorizations of g ◦ π = π ◦ f . So q1 = σ ◦ p1
with σ : Z → Z ′ being an isomorphism. Therefore, h = q2 ◦ σ is a finite endomorphism
of Z as required. 
Lemma 5.3. Let π : X → Y be a finite surjective morphism of two normal varieties.
Let f : X → X and g : Y → Y be two surjective endomorphisms such that g ◦ π = π ◦ f .
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Let Z be a normal variety such that π = τ ◦σ where σ : X → Z is purely inseparable and
τ : Z → Y is separable. Then there is a surjective endomorphism h : Z → Z such that
h ◦ σ = σ ◦ f and g ◦ τ = τ ◦ h.
Proof. Let V1 := Spec A1 be an affine open dense subset of Y . Denote by U1 := π
−1(V1) :=
SpecB1 and W1 := τ
−1(V1) := Spec C1. Let V2 := g
−1(V1) := Spec A2. Denote by
U2 := π
−1(V2) := SpecB2 and W2 := τ
−1(V2) := Spec C2. For convenience, we denote
by g : A1 → A2, f : B1 → B2 the induced ring injections. Then we have the following
commutative diagram.
A1
g
//

A2

C1

C2

B1
f
// B2
Note that every element of C1 is separable over Q(A1) (the quotient field of A1). So every
element of f(C1) is separable over g(Q(A1)) and hence separable over Q(A2). Therefore,
f(C1) ⊆ Q(C2). Note that C1 is the integral closure of A1 in Q(C1). So f(C1) is integral
over g(A1) and hence integral over A2. In particular, f(C1) ⊆ C2. Then we have a ring
homomorphism h := f |C1 : C1 → C2 such that the above diagram commutes with h. 
Lemma 5.4. Let f : A → A be a surjective endomorphism of an abelian variety A.
Suppose there is a closed subvariety Z of A such that
(1) f(Z) = Z,
(2) f |Z is numerically polarized separable, and
(3) Z generates A.
Then Z = A.
Proof. We may assume dim(A) > 0. Let a = f(0). Then f = Ta ◦ f0 where f0 is an
isogeny, and Ta is the translation. Let StabA(Z) be the maximal closed subgroup of
A such that StabA(Z) + Z = Z. If dim(StabA(Z)) = 0, then f |Z is bijective by [29,
Proposition 5.3], a contradiction to the condition (2). Suppose dim(StabA(Z)) > 0. Let
B be the neutral component of StabA(Z). Then f0(B) = B. If B = A, then Z = A, and
we are done.
Suppose B ( A. Let p : A → A/B be the natural projection. Then there is a
surjective endomorphism f¯ : A/B → A/B such that f¯ ◦ p = p ◦ f . Since Z generates A,
dim(p(Z)) > 0. Note that f¯ |p(Z) is numerically polarized separable (cf. Lemma 2.5 and
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[24, Theorem 3.11]) and dim(StabA/B(p(Z))) = 0. We get a contradiction again by [29,
Proposition 5.3]. 
Lemma 5.5. Let f : X → X be a numerically q-polarized separable endomorphism of
a normal projective variety X. Then albX : X → Alb(X) is surjective and the induced
endomorphism g : Alb(X)→ Alb(X) is again numerically q-polarized separable.
Proof. Let Z := albX(X) which generates Alb(X). Then g(Z) = Z and g|Z is numerically
q-polarized separable by [24, Theorem 3.11] and Lemma 2.5. Now Lemma 5.4 implies
that Z = Alb(X). 
Lemma 5.6. Let f : X → X be a numerically polarized separable endomorphism of
a normal projective variety X. Suppose albX is finite and surjective. Then albX is an
isomorphism and X is an abelian variety.
Proof. Let Z be a normal projective variety such that albX = τ ◦ σ where σ : X → Z is
purely inseparable and τ : Z → Alb(X) is separable. By Lemma 5.3, there is a surjective
endomorphism h : Z → Z such that h ◦ σ = σ ◦ f and g ◦ τ = τ ◦ h. Note that h
is numerically polarized separable by [24, Theorem 3.11] and Lemma 2.5. Since τ is
separable, KZ is effective by the ramification divisor formula. So KZ ∼ 0 by Lemma 4.5
and hence τ is e´tale by the purity of branch loci. In particular, Z is an abelian variety
(cf. [25, Chapter IV, 18]). By the universal property of albX , τ is an isomorphism. So we
may assume albX is purely inseparable. By Lemma 4.5, either mKX ∼ 0 for some m > 0
or mKX is not effective for any m > 0. Then albX is separable by [13, Proposition 1.4].
So albX is an isomorphism and hence X is an abelian variety. 
Let A be an abelian variety. We recall some facts from [25]. Let 0 6= n ∈ Z. Denote
by nA : A → A the isogeny sending a to na. Let L be a Cartier divisor of A. Then
n∗AL ≡ n
2L. Let
φL : A → Â := Pic
0(A)
a 7→ T ∗aL− L
where Ta is the translation map by a. Note that L ∈ Pic
0(A) if and only if φL is a trivial
map. If L is ample, then φL is an isogeny.
Let f : X → Y be a morphism of normal projective varieties. Denote by f̂ :=
f ∗|Pic0(Y )red : Pic
0(Y )red → Pic
0(X)red the dual of f . Let g : Alb(X) → Alb(Y ) be the
induced morphism, where Alb(X) = Pic0(Pic0(X)red). Then ĝ = f̂ .
Lemma 5.7. Let f : A → A be a numerically q-polarized endomorphism of an abelian
variety A. Then the dual f̂ : Pic0(A)→ Pic0(A) is numerically q-polarized.
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Proof. Write f = Ta ◦ f0 where f0 : A → A is an isogeny and Ta is the translation.
Note that f0 is also numerically q-polarized and f̂ = f̂0. So we may assume f is an
isogeny. By the assumption, f ∗L − qL ∈ Pic0(A) for some ample line bundle L. Note
that qÂ ◦ φL = φf∗L = f̂ ◦ φL ◦ f , i.e. the following is a commutative diagram
A
f
//
φL
A
φL

Â
q
Â

Â Â.
f̂
oo
Taking the pullback of the above, we have:
N1(A) N1(A)
f∗
oo
N1(Â)
φ∗L
OO
N1(Â)
f̂∗
//
q∗
Â
OO
N1(Â)
φ∗L
OO
ϕ
cc●
●
●
●
●
●
●
●
●
where the isomorphism ϕ = q∗
Â
◦ (f̂ ∗)−1 makes the whole diagram commutative. We
now apply Proposition 3.1 (with C being the cone of nef R-Cartier divisors there) and
check the norm condition (2) in it. By the assumption, f ∗ satisfies the norm condition,
so does ϕ (or equivalently ϕ−1), since φ∗L is an isomorphism. Note that the scalar map
q∗
Â
= q2 idN1(Â) commutes with ϕ. Then our f̂
∗ = ϕ−1 ◦ q∗
Â
satisfies the norm condition.
Hence f̂ is numerically q-polarized. 
Lemma 5.8. Let f : X → X be a numerically q-polarized separable endomorphism of a
normal projective variety X. Then the dual f̂ : Pic0(X)red → Pic
0(X)red is numerically
q-polarized.
Proof. By Lemma 5.5, the induced endomorphism g : Alb(X) → Alb(X) is numerically
q-polarized separable. Note that f̂ = ĝ. Now the lemma follows from Lemma 5.7. 
Lemma 5.9. Let f : A → A be a numerically q-polarized isogeny of an abelian variety
A with n = dim(A) > 0. Let λ be an integer. If f − λA is not surjective, then q = λ
2.
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Proof. Let B the kernel of f − λA. Then B is a closed subgroup of A. Let B0 be the
neutral component of B. Then we have the following commutative diagram
B0
λB0 //
 _
i

B0 _
i

A
f
// A
where i is the inclusion map.
Like f , the λB0 is also q-polarized. Hence q = λ
2 if dim(B0) > 0. 
Proof of Theorem 5.1. We may assume dim(X) > 0. Suppose f ∗H ≡ qH for some ample
Cartier divisor H and q > 0. Let D = f ∗H − qH . Replacing H by a multiple, we
may assume D ∈ Pic0(X)red. Note that f̂ is numerically q-polarized by Lemma 5.8. So
f̂ − qPic0(X)red is a surjective endomorphism of Pic
0(X)red by Lemma 5.9. In particular,
there is a Cartier divisor L ∈ Pic0(X)red such that f
∗L− qL ∼ D. Then f ∗H ′ ∼ qH ′ for
H ′ = H − L. Note that H ′ ≡ H is ample. So f is polarized. 
We will use Lemmas 8.5 and 8.6 proved in Section 8.
Proof of Theorem 1.2. By Lemma 5.5 and Theorem 5.1, albX is surjective and g is q-
polarized separable. Taking the Stein factorization of albX , we have ϕ : X → Y and
ψ : Y → Alb(X) such that ϕ∗OX = OY and ψ is a finite morphism. Then f descends
to a polarized separable endomorphism fY : Y → Y by Lemma 5.2, [24, Theorem 3.11],
Theorem 5.1 and Lemma 2.5. By the universal property, ψ = albY . So ψ is an isomor-
phism by Lemma 5.6, and we can identify albX : X → Alb(X) with ϕ : X → Y . By
Lemmas 8.5 and 8.6, all the fibres of albX are irreducible and equi-dimensional. So (1)
is proved.
For (2), let W be the normalization of the graph of albX . Then Alb(W ) = Alb(W ) =
Alb(X). Note that f lifts to a numerically q-polarized separable endomorphism fW : W →
W (cf. Theorem 6.5). Therefore by (1), the induced endomorphism h : Alb(X)→ Alb(X)
is q-polarized separable. Since albW is surjective by (1), albX is dominant.
(3) follows from Lemma 5.8. 
Proof of Theorem 1.4. We may assume dim(X) > 0. By Lemma 4.3, KX ≡ 0, f is quasi-
e´tale, and hence KX = f
∗KX . Further, mKX ∈ Pic
0(X)red for some m > 0. By Theorem
1.2, f̂ is numerically q-polarized. Hence, f̂ −1Pic0(X)red is surjective by Lemma 5.9 and its
kernel is finite. Therefore, mKX ∈ Ker(f̂ − 1Pic0(X)red) has finite order in Pic
0(X)red. 
POLARIZED ENDOMORPHISMS IN ARBITRARY CHARACTERISTIC 17
6. Descending of polarized endomorphisms
Remark 6.1. Let f : X → X be a numerically q-polarized endomorphism of a normal
projective variety X over the field k of characteristic p ≥ 0. We recall the key results
of [24, Section 6, Lemmas 6.1 - 6.6]. When p = 0, we have shown that the divisorial
contractions, the Fano contractions, the flipping contractions and the flips of extremal
rays (if exist) are all f -equivariant (after replacing f by a positive power). When p > 0,
[24, Lemma 6.2, Remark 6.3 and Lemma 6.6] still hold with the same proof. [24, Lemmas
6.4 - 6.5] are based on [24, Lemma 6.1]. Apparently, [24, Lemma 6.1] does not hold when
the f there is the geometric Frobenius endomorphism which is a bijection set-theoretically;
so we need to restrict to those f : X → X which are numerically q-polarized with p and
q co-prime; such f is separable since deg f = qdim(X) and hence (p, deg f) = 1. We
remark that we cannot simply weaken the assumption to f being separable because such
separable f may not restrict to a separable morphism on a subvariety; see Remark 6.3 for
an example where [24, Lemma 6.1] fails to hold yet f is separable (and p divides deg f).
In summary, we prove Lemma 6.2 below, replacing [24, Lemma 6.1].
The proof of Lemma 6.2 below is almost identical to that of [24, Lemma 6.1], but for
convenience, we reproduce here and highlight the argument in the proof where we need
the assumption of f being numerically q-polarized with p and q co-prime.
Lemma 6.2. [24, Lemma 6.1] Let f : X → X be a numerically q-polarized separable
endomorphism of a projective variety X over the field k of characteristic p. Assume
A ⊆ X is a closed subvariety with f−if i(A) = A for all i ≥ 0. Assume further either one
of the following conditions.
(1) A is a prime divisor of X.
(2) p and q are co-prime.
Then M(A) := {f i(A) | i ∈ Z} is a finite set.
Proof. Suppose that dim(X) = n, and f ∗H ≡ qH for some ample Cartier divisor H and
integer q > 1. Let M≥0(A) := {f
i(A) | i ≥ 0}.
IfM≥0(A) is a finite set, f
r1(A) = f r2(A) for some 0 < r1 < r2. Note that f
−if i(A) = A
for all i ≥ 0. Then for any i ≥ 0, f−i(A) = f−if−sr1f sr1(A) = f−if−sr1f sr2(A) =
f sr2−sr1−i(A) ∈ M≥0(A) if s≫ 1. So it suffices to show M≥0(A) is a finite set. It is trivial
if A = X .
Set k := dim(A) < n = dim(X), Ai := f
i(A) (i ≥ 0). Let Σ be the union of Sing(X),
f−1(Sing(X)), and the irreducible components in the ramification divisor Rf of f .
We first claim that Ai is contained in Σ for infinitely many i. Otherwise, replacing A
by some Ai0 , we may assume that Ai is not contained in Σ for all i ≥ 0. So we have
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f ∗Ai+1 = aiAi with ai ∈ Z>0 and
qnHk · Ai+1 = (f
∗H)k · f ∗Ai+1 = aiq
kHk · Ai,
1 ≤ Hk · Ai+1 =
ai
qn−k
· · ·
a1
qn−k
Hk · A1.
Thus for infinitely many i, ai ≥ q
n−k and Ai ⊆ Σ, a contradiction. This proves the claim.
If we assume the condition (1), by the claim, then f r1(A) = f r2(A) for some 0 < r1 < r2.
So |M≥0(A)| < r2.
Next we assume the condition (2), k ≤ n−2 and |M≥0(A)| =∞. Let B be the Zariski-
closure of the union of those Ai1 contained in Σ. Then k + 1 ≤ dim(B) ≤ n − 1, and
f−if i(B) = B for all i ≥ 0. Choose r ≥ 1 such that B′ := f r(B), f(B′), f 2(B′), · · · all
have the same number of irreducible components. Let X1 be an irreducible component
of B′ of maximal dimension. Then k + 1 ≤ dim(X1) ≤ n− 1 and f
−if i(X1) = X1 for all
i ≥ 0. By induction, M≥0(X1) is a finite set. So we may assume that f
−1(X1) = X1, after
replacing f by a positive power and X1 by its image. Note that f |X1 is numerically
q-polarized. Now the codimension of Ai1 in X1 is smaller than that of A in X . By
induction, M≥0(Ai1) and hence M≥0(A) are finite. This is a contradiction.
So under either the condition (1) or (2), M≥0(A) is always a finite set. Therefore the
lemma is proved. 
Remark 6.3. If we simply assume f is numerically polarized separable in Lemma 6.2,
then we cannot say f |X1 is again separable during the induction of the proof. Indeed, we
have the following example. LetX := P3, p = 3, and f([a : b : c : d]) = [a3+acd : b3+bcd :
c3 + c2d : d3 − cd2]. Then f is 3-polarized separable. Let X1 := {c = 0, d = 0} ∼= P
1.
Then f−1(X1) = X1 and f |X1([a : b]) = [a
3 : b3] which is a geometric Frobenius of P1.
Clearly, f |X1 is not separable. Since f |X1 is bijective, f
−if i(A) = A for any closed point
A of X1. However, M(A) is infinite when A = {[1 : b : 0 : 0]} and b is not a root of the
unity.
Remark 6.4. By Lemma 6.2 and [24, Lemma 6.4], a divisorial contraction is f -equivariant
(after replacing f by a positive power) for numerically polarized separable f .
Theorem 6.5 below in positive characteristic is obtained with the same proof as in [24].
Theorem 6.5. [24, Theorem 3.11 and Corollary 3.12] Let π : X 99K Y be a dominant
rational map between two normal projective varieties and let f : X → X and g : Y → Y
be two surjective endomorphisms such that g ◦ π = π ◦ f . Then the following are true.
(1) Suppose f is numerically q-polarized. Then so is g.
(2) Suppose π is generically finite. Then f is numerically q-polarized if and only if
so is g.
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Remark 6.6. Let f : X → X be a separable surjective endomorphism of a normal
projective variety X . Then we may replace “numerically q-polarized by “q-polarized” in
Theorem 6.5. In the case of characteristic 0, Nakayama and Zhang showed the equivalence
of f being numerically q-polarized and f being q-polarized (cf. [27, Lemma 2.3]; indeed
their proof works for any projective X). For arbitrary characteristic, the same equivalence
holds, with a new proof given in Theorem 5.1.
Remark 6.7. We here summarize the version of the polarized equivariant MMP in
positive characteristic by using Remarks 6.1 and 6.4, Theorem 6.5 and Remark 6.6. Let
X be a normal projective variety over the field k of characteristic p > 0. Let f : X → X
be a q-polarized separable endomorphism. Suppose there exists a finite sequence of MMP:
X = X1 99K · · · 99K Xi 99K · · · 99K Xr,
with every Xi 99K Xi+1 a divisorial contraction, a flip or a Fano contraction, of a KXi-
negative extremal ray. Assume that (p, q) = 1. Then after replacing f by a positive
power, this sequence is f -equivariant, and f = f1 descends to q-polarized fi on each Xi.
Note that if there is no flip involved in the sequence, then without the assumption
(p, q) = 1, this sequence is still f -equivariant (after replacing f by a positive power), and
f = f1 descends to q-polarized separable fi on each Xi; see [24, Remark 6.3] for the Fano
contraction, Remark 6.4 for the divisorial contraction and Lemma 2.5 for the separable
property.
7. Endomorphisms compatible with a fibration
We recall the following useful result from [6, Theorem, Page 220]. Note that the
assumption of normality below is necessary.
Lemma 7.1. Let f : X → Y be a finite surjective morphism of two varieties with Y
being normal. Then f is an open map.
Lemma 7.2. Let f : X → Y be a finite surjective morphism of two varieties with Y
being normal. Let S be a subset of Y . Then f−1(S) = f−1(S).
Proof. Clearly, f−1(S) ⊆ f−1(S). Suppose x ∈ f−1(S) − f−1(S). Then there is an
open neighborhood x ∈ U with U ∩ f−1(S) = ∅. By Lemma 7.1, f(U) is open. Since
f(U) ∩ S = ∅, f(x) ∈ f(U) ∩ S = ∅, a contradiction. 
Lemma 7.3. Let π : X → Y be a surjective morphism of two normal varieties with
connected fibres. Let f : X → X and g : Y → Y be two surjective endomorphisms such
that g ◦ π = π ◦ f . Then f |π−1(Z) : π
−1(Z)→ π−1(g(Z)) is surjective for any subset Z of
closed points in Y .
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Proof. Clearly, it suffices to consider the case when Z is a closed point of Y . Suppose
there is a closed point y of Y such that f |π−1(y) : π
−1(y)→ π−1(g(y)) is not surjective. Let
S = g−1(g(y))−{y}. Then S 6= ∅ and U := X − π−1(S) is a proper open dense subset of
X . By Lemma 7.1, f(U) is an open dense subset of X . In particular, f(U)∩π−1(g(y)) is
open in π−1(g(y)). Note that f(U) = (X−π−1(g(y)))∪f(π−1(y)). So f(U)∩π−1(g(y)) =
f(π−1(y)) is open in π−1(g(y)). Since f is also a closed map, the set f(π−1(y)) is both
open and closed in the connected fibre π−1(g(y)) and hence f(π−1(y)) = π−1(g(y)) since
π is surjective. 
Lemma 7.4. Let π : X → Y be a surjective morphism of two normal varieties with con-
nected fibres. Let f : X → X and g : Y → Y be two surjective endomorphisms such that
g◦π = π◦f . Letm ≥ 0 be an integer and Σm := {Z ⊆ Y |Z is irreducible closed, dim(Z) =
m, and π−1(Z) is reducible }. Then g−1(Σm) ⊆ Σm.
Proof. Let Z ′ be an m-dimensional irreducible closed subvariety of Y such that Z :=
g(Z ′) ∈ Σm. Then f |π−1(Z′) : π
−1(Z ′) → π−1(Z) is surjective by Lemma 7.3. Since
π−1(Z) is reducible, so is π−1(Z ′). 
Lemma 7.5. Let π : X → Y be a surjective proper morphism of two normal varieties
with connected fibres. Let f : X → X and g : Y → Y be two surjective endomorphisms
such that g ◦ π = π ◦ f . Suppose E is a closed subset of X such that f−i(E) = E for
some i > 0. Then g−j(π(E)) = π(E) for some j > 0.
Proof. It suffices for us to consider the case when E is irreducible and f−1(E) = E after
replacing f by a positive power. Let F := π(E). Since π is proper, F is irreducible closed
in Y . Let F ′ be any irreducible closed subset of Y such that g(F ′) = F . By Lemma
7.3, E ⊆ f(π−1(F ′)). So E = f(π−1(F ′)) ∩ f(f−1(E)) = f(π−1(F ′) ∩ f−1(E)). Then
π−1(F ′) ∩ E = E and hence F = π(E) ⊆ F ′. Since F ′ is irreducible and dim(F ′) =
dim(F ), F ′ = F . Note that g(F ) = F . So the lemma is proved. 
8. Q-abelian case
In the case of characteristic 0, the following result was proved in [27, Lemma 2.12]. It
still holds for any characteristic, with a modified proof below.
Lemma 8.1. Let X be a Q-abelian variety. Then there is a quasi-e´tale cover πA : A→ X
such that the following hold.
(1) A is an abelian variety.
(2) πA is Galois.
(3) If there is another quasi-e´tale cover πB : B → X from an abelian variety B, then
there is an e´tale morphism τ : B → A such that πB = πA ◦ τ .
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We call πA the Albanese closure of X in codimension one.
Proof. Since X is Q-abelian, there is a quasi-e´tale morphism πA : A → X where A
is an abelian variety. Let p : A′ → A be the Galois closure of πA. Then p is quasi-
e´tale and hence e´tale by the purity of branch loci. Note that A′ is an abelian variety
(cf. [25, Chapter IV, 18]). So we may assume πA is Galois. Then X ∼= A/GA, where
GA is a finite subgroup of Autvar(A) (the automorphism group of the variety A). Let
G0 = GA ∩ (translations onA). Then A/G0 → X is quasi-e´tale and Galois and A/G0 is
an abelian variety. So we may assume GA contains no translation. We next show that
πA satisfies the universal property.
Suppose there is another quasi-e´tale cover πB : B → X from an abelian variety B. By
taking the base change and the Galois closure, there exist e´tale morphisms C → A and
C → B over X such that the composition C → X is Galois. Clearly, C is an abelian
variety. Then X ∼= C/GC and A ∼= C/HA where GC is a finite subgroup of Autvar(C)
and HA = Gal(C/A) is a subgroup of GC . Similarly, B ∼= C/HB where HB = Gal(C/B)
is a subgroup of GC . Since A and B are both abelian varieties, both HA and HB are
translation subgroups of C. By our construction of A, HA = GC∩(translations onC). So
HB is a subgroup ofHA. Hence there is a natural e´tale quotient τ : B → A = B/(HA/HB)
such that πB = πA ◦ τ . 
Corollary 8.2. Let f : X → X be a quasi-e´tale endomorphism of a Q-abelian variety
X. Then there are a quasi-e´tale morphism πA : A → X and an e´tale endomorphism
fA : A→ A such that πA ◦ fA = f ◦ πA.
Proof. We denote by f : X1 = X → X2 = X . Let πi : Ai → Xi be the Albanese closure.
Note that f ◦ π1 is quasi-e´tale. By Lemma 8.1, such fA exists. 
Corollary 8.3. Let f : X → X be a polarized separable endomorphism of a Q-abelian
variety X. Then there is no f−1-periodic proper subvariety of X.
Proof. Since f is separable, f is quasi-e´tale by the ramification divisor formula. Let
πA : A → X be the Albanese closure and fA the lifting of f which is e´tale by Corollary
8.2. Note that fA is polarized by Theorem 6.5 and Theorem 5.1. By [24, Lemmas 3.2
and 3.3], there is no f−1A -periodic proper subvariety of A. So we are done. 
Let π : X → Y be a surjective morphism of normal varieties. For any point y ∈ Y (not
necessarily a closed point), denote by Xy the scheme-theoretical fibre of π over y. Let η
be the generic point of Y . Denote by Xη the generic fibre and Xη := Xη ×k(Y ) k(Y ) the
geometric generic fibre where k(Y ) is the function field of Y and k(Y ) is the algebraic
closure of k(Y ).
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Lemma 8.4. Let π : X → Y be a surjective projective morphism of normal varieties
such that π∗OX = OY . Then the general fibre Xy is irreducible.
Proof. Let Xη be the generic fibre. Let k(Y )
sep be the separable closure of k(Y ) in
k(Y ). Denote by Xηs := Xη ⊗k(Y ) k(Y )
sep. Since ηs := Spec k(Y )sep → Y is flat,
H0(Xηs ,OXηs ) = H
0(ηs,Oηs) = k(Y )
sep by [16, Chapter III, Proposition 9.3]. In partic-
ular, Xηs is connected. Since k(Y )
sep/k(Y ) is a limit of e´tale extensions, so is Xηs → Xη.
Therefore, Xηs is normal since Xη is normal. Hence, Xηs is connected and normal, so
integral. Since k(Y )/k(Y )sep is purely inseparable, Xη → Xηs is a homeomorphism.
Therefore, Xη is irreducible. 
Lemma 8.5. Let π : X → Y be a surjective projective morphism of normal varieties
such that π∗OX = OY . Let f : X → X and g : Y → Y be two polarized separable
endomorphisms such that g ◦ π = π ◦ f . Suppose Y is Q-abelian. Then all the fibres of π
are irreducible.
Proof. By Lemma 8.4, the general fibre of π is irreducible. Then Σ0 6= Y and g
−1(Σ0) =
g−1(Σ0) ⊆ Σ0 by Lemmas 7.2 and 7.4 and the notation there. Since Σ0 is closed,
g−1(Σ0) = Σ0. So Σ0 = ∅ by Corollary 8.3. 
Lemma 8.6. Let π : X → Y be a surjective projective morphism of normal projective
varieties such that π∗OX = OY . Let f : X → X and g : Y → Y be two polarized
separable endomorphisms such that g ◦ π = π ◦ f . Suppose that Y is Q-abelian. Then π
is equi-dimensional.
Proof. By Lemma 8.5, all the fibres of π are irreducible. Let d := dim(X)− dim(Y ) and
Σ := {y ∈ Y | dim(Xy) > d}. Then π is equi-dimensional outside Σ. By Lemma 7.4,
Xg(y) = f(Xy) set theoretically. Since f is finite surjective, g
−1(Σ) = Σ. By Corollary
8.3, Σ = ∅. 
In the case of characteristic 0, any dominant rational map from a normal projective
variety with rational singularities to an abelian variety is a morphism. In the case of
positive characteristic, we have the following result which follows from [11, Theorem 4.8].
Lemma 8.7. Let X be a normal projective variety of dimension ≤ 3 over the field k
with char k > 5. Suppose (X,∆) is a klt pair for some effective Weil Q-divisor ∆. Let
π : X 99K A be a rational map to an abelian variety A. Then π is a morphism.
Proof. Let p : X ′ → X be a resolution of π. Taking a product, we may assume dim(X) =
3. By [11, Theorem 4.8], all the fibres of π are rationally chain connected and hence p is
a morphism since an abelian variety contains no rational curves and by the rigidity (cf.
[7, Lemma 1.15]). 
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With the above lemma, we can show the following by using almost the same proof as
[24, Lemma 5.3]. We rewrite it here for the reader’s convenience.
Lemma 8.8. Let X be a normal projective variety of dimension ≤ 3 over the field k
with char k > 5. Suppose (X,∆) is a klt pair for some effective Weil Q-divisor ∆. Let
π : X 99K Y be a dominant rational map where Y is Q-abelian. Suppose further that
the normalization of the graph ΓX/Y is equi-dimensional over Y (this holds when k(Y ) is
algebraically closed in k(X), f : X → X is polarized separable and f descends to some
polarized separable fY : Y → Y ; see Lemma 8.6). Then π is a morphism.
Proof. Let W be the normalization of the graph ΓX/Y and p1 : W → X and p2 : W → Y
the two projections. Let τ1 : A→ Y be a finite surjective morphism e´tale in codimension
one with A an abelian variety. Let W ′ be an irreducible component of the normalization
of W ×Y A which dominates W and τ2 : W
′ → W and p′2 : W
′ → A the two projections.
Taking the Stein factorization of the composition W ′ → W → X , we get a birational
morphism p′1 : W
′ → X ′ and a finite morphism τ3 : X
′ → X .
X ′
τ3

W ′
p′
1oo
τ2

p′
2 // A
τ1

X W
p1oo
p2 // Y
Since p2 is equi-dimensional, by the base change, τ2 is e´tale in codimension one. Let
U ⊆ X be the domain of p−11 : X 99K W . Then, codim(X − U) ≥ 2, and the restriction
τ−13 (U) → U of τ3 is e´tale in codimension one, since so is τ2. Therefore, τ3 is e´tale
in codimension one. In particular, by the ramification divisor formula, KX′ + ∆
′ =
τ ∗3 (KX +∆) with ∆
′ = τ ∗3∆ an effective Weil Q-divisor. Since (X,∆) is klt and ∆
′ ≥ 0,
(X ′,∆′) is klt by Lemma 2.3. Clearly, π′ := p′2 ◦ p
′−1
1 : X
′
99K A is a dominant rational
map, since p′1 is birational and p
′
2 is surjective. Then π
′ is a surjective morphism (with
p′2 = π
′ ◦ p′1) by Lemma 8.7. Suppose π is not defined over some closed point x ∈ X .
Then dim(Wx) > 0 with Wx = p
−1
1 (x) and dim(p2(Wx)) > 0 by the rigidity (cf. [7,
Lemma 1.15]). Hence, dim(p′2(τ
−1
2 (Wx))) > 0 and then dim(p
′
1(τ
−1
2 (Wx))) > 0. However,
p′1(τ
−1
2 (Wx)) = τ
−1
3 (x) has only finitely many points. This is a contradiction. 
9. Global index-1 cover
We follow [26, Section 3.2] or [19, Definition 5.19] and consider the global index-1
cover of a normal projective variety in arbitrary characteristic p ≥ 0. Let X be a normal
projective variety and D a Q-Cartier integral divisor with D ∼Q 0 (Q-linear equivalence).
Define the global index r of D to be the minimal positive integer r with rD ∼ 0 (linear
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equivalence). Pick a non-zero u ∈ H0(X, rD), one may define a cyclic covering
π : V : = V (D, r, u) = Spec
r−1⊕
i=0
OX(−iD) → X.
By the construction, V can be locally regarded as a hypersurface of X × A1. So V is S2
(cf. [19, Proposition 5.3]). Since H0(X, rD) ∼= k, for any two non-zero u, v ∈ H0(X, rD),
u = arv for some a ∈ k. In particular, π is independent of the choice of u up to
isomorphism. Let f : X → X be a surjective endomorphism such that f ∗D ∼ D. Then
f lifts to an endomorphism on V ; see [26, Lemma 3.2.5] or proof of [27, Proposition 3.5].
Note that π here is not separable if p | r. If D = KX , we call π the global index-1 cover
of X .
Lemma 9.1. Let π : X → Y be a purely inseparable finite surjective morphism between
two normal varieties and let f : X → X and g : Y → Y be two surjective endomorphisms
such that g ◦ π = π ◦ f . Suppose g is quasi-e´tale. Then f is quasi-e´tale.
Proof. Let W be the fibre product of π and g. Let W1 be an irreducible component of
W dominating X and Y . Denote by p1 : W1 → X and p2 : W1 → Y the two projections.
We may assume there is a finite surjective morphism τ : X → W1 such that p1 ◦ τ = f
and p2 ◦ τ = π. Since g is quasi-e´tale, g is separable and hence f is separable (cf. Lemma
2.5). Therefore, τ is separable. Since π is purely inseparable, τ is also purely inseparable.
So deg τ = 1 and τ is the normalization of W1. Note that p1 is also quasi-e´tale and W1
is smooth in codimension 1. Then f is quasi-e´tale. 
Lemma 9.2. Let f : X → X be a q-polarized separable endomorphism of a normal
projective variety with KX ∼Q 0. Let π : V → X be the global index-1 cover of X. Then
V is a normal projective variety with KV ∼ 0.
Proof. We may assume the characteristic p > 0. Let the global index of KX be r = ap
m
with (a, p) = 1 and m ≥ 0. Since KX ∼Q 0, f is quasi-e´tale by Lemma 4.3. So
f ∗KX ∼ KX . Let D = p
mKX . Then f
∗D ∼ D and the global index of D is a. Let
π1 : X1 → X be the cyclic cover induced by D. Then π1 is quasi-e´tale and hence X1 is
smooth in codimension 1. Since X1 is S2, X1 is normal. Note that π factors through π1.
So we may assume r = pm and π is purely inseparable.
Let τ : W → V be the normalization and C the conductor of τ (cf. [27, arxiv version
1, Remark 5.2]). Denote by η := π ◦ τ . Let h : W → W be the lifting of f which is also
q-polarized separable (cf. Theorem 6.5 and Lemma 2.5). Note that ωY ∼= OY (cf. [19,
Proposition 5.68]). Then ωW (C) = τ
∗ωV ∼= OW . Since η is purely inseparable and f
is quasi-e´tale, h is still quasi-e´tale by Lemma 9.1. Then KW ≡ 0 by Lemma 4.3 and
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hence C = 0 since C is effective. So V itself, being S2, is normal and KV ∼ 0 (cf. [19,
Proposition 5.75]). 
Lemma 9.3. Let f : X → X be a q-polarized separable endomorphism of a normal
projective variety with KX ∼Q 0. Let π : V → X be the global index-1 cover of X and
fV : V → V the lifting of f . Suppose deg f
Gal is co-prime to p. Then so is deg fGalV .
Proof. Let π1 : X1 → X be the cyclic cover as in the proof of Lemma 9.2. Since our base
field is algebraically closed, π1 is Galois with degree co-prime to p. Let fX1 : X1 → X1 be
the lifting of f . Then deg(π1 ◦ fX1)
Gal = deg(f ◦ π1)
Gal is co-prime to p by Lemma 2.9.
In particular, deg fGalX1 is co-prime to p. So we may assume π is purely inseparable. Now
the lemma follows from Lemma 2.6. 
10. Surface case and the proof of Theorem 1.5
In this section, we consider the surjective endomorphism f : X → X of a normal
algebraic surface over the field k of characteristic p > 0 with deg fGal co-prime to p, so
that [19, Proposition 5.20] can be applied in positive characteristic (cf. Lemma 2.3). Note
that replacing f by any positive power f s, deg(f s)Gal is still co-prime to p (cf. Lemma
2.9).
Let (X,∆) be a normal algebraic surface pair with ∆ a Weil Q-divisor on X . Fix u ∈ X
a closed point. Let π : X˜ → X be a resolution at u with exceptional divisor E =
∑
Ei.
Then KX˜ + π
−1
∗ ∆ ≡π
∑
aiEi, where π
−1
∗ ∆ is the strict transform of ∆ and ≡π is the
numerical equivalence over X . If for any resolution at u, ai ≥ −1 (resp. ai > −1), then
we say (X,∆) is numerically sub-lc (resp. numerically sub-klt) at u. We say (X,∆) is
numerically lc if further ∆ is effective. It is known that (X,∆) is numerically lc if and
only if (X,∆) is lc; see [10, Proposition 6.3].
Denote by Nlc(X) (resp. Nklt(X)) the finite subset of X where X is non-numerically
sub-lc (resp. non-numerically sub-klt).
Lemma 10.1. Let X be a normal algebraic surface over the field k of characteristic
p > 0. Let f : X → X be a surjective endomorphism of X with deg fGal co-prime to p.
Then:
(1) Both Nlc(X) and Nklt(X) are f−1-invariant.
(2) Nklt(X) ∩ SuppRf = ∅.
Proof. (1) Since f is separable, by the ramification divisor formula, KX−Rf = f
∗KX . Let
u ∈ X and v = f(u) such that v ∈ Nlc(X). By Lemma 2.3, (X,−Rf ) is non-numerically
sub-lc at u and hence so is X since Rf is effective. Therefore, f
−1(Nlc(X)) ⊆ Nlc(X).
Since Nlc(X) is a finite set, f−1(Nlc(X)) = Nlc(X). The same proof works for Nklt(X).
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(2) If Nklt(X)∩SuppRf 6= ∅, then Nklt(X)∩SuppRf i 6= ∅ for any i > 0. So replacing
f by a positive power, we may assume f−1(u) = u for any u ∈ Nklt(X) by (1). Suppose
there exists u ∈ Nklt(X) ∩ SuppRf . Let D =
∑
dkDk be an effective Weil Q-divisor of
X where Dk is a prime divisor containing u. Denote by mD :=
∑
dk. Let
S := {D =
∑
dkDk ≥ 0 | (X,−D) is non-numerically sub-klt atu andu ∈ Dk, ∀k}.
Clearly 0 ∈ S 6= ∅. Denote by m := sup{mD |D ∈ S} ≥ 0. We claim that m <∞.
Let π : X˜ → X be the minimal resolution of the point u with E =
∑n
i=1Ei the
exceptional divisor. Denote by A the intersection matrix (Ei ·Ej)i,j. Let KX˜ ≡π
∑
aiEi.
For any prime divisor P containing u, π−1∗ P ≡π
∑
biEi with bi < 0. Note that π
−1
∗ P ·Ei ∈
Z. So A(b1, · · · , bn)
T ∈ Zn and hence (b1, · · · , bn) ∈ A
−1(Zn) = A
∗
det(A)
(Zn). Since all
the entries of A are integers, dbi ∈ Z where d = | det(A)|. Therefore, bi ≤ −
1
d
. Let
D =
∑
k dkDk be an effective Weil Q-divisor of X where Dk is a prime divisor containing
u for each k. Then π−1∗ D =
∑
k dkπ
−1
∗ Dk ≡π
∑
i ciEi with ci ≤ −
∑
k
dk
d
= −mD
d
. Suppose
mD ≥ −aid for each i. Then KX˜ − π
−1
∗ D ≡π
∑
i(ai − ci)Ei. Since ai − ci ≥ 0 for each
i, (X,−D) is numerically sub-klt at u and hence D 6∈ S. Therefore for any D ∈ S,
mD < maxi{−aid}.
Let D ∈ S such that mD > m−1. Since KX−Rf−f
∗D = f ∗(KX−D) and by Lemma
2.3, we have (X,−Rf − f
∗D) is non-numerically sub-klt at u. Write Rf = B + C where
each prime divisor of B contains u and C does not contain u. Then (X,−B − f ∗D) is
non-numerically sub-klt at u. Note that each prime divisor of f ∗D still contains u. Then
B + f ∗D ∈ S. Since B 6= 0, m ≥ mB+f∗D ≥ mB + mD ≥ 1 + mD > m. So we get a
contradiction. 
If f is further non-isomorphic, the proof of Wahl [31, Theorem 2.8] also works in any
characteristic.
Theorem 10.2. Let X be a normal algebraic surface over the field k of characteristic
p > 0. Let f : X → X be a non-isomorphic surjective endomorphism of X with deg fGal
co-prime to p. Then X is lc.
Proof. By [10, Proposition 6.3], we only need to show that X is numerically lc. Let
Z := Nklt(X). By Lemma 10.1, Z is f−1-invariant and Z ∩ SuppRf = ∅.
Let x0 ∈ Z, V = X\((Sing(X)\{x0}) ∪ f(SuppRf )) and U = f
−1(V ). Replacing f by
a positive power, we may assume f−1(x0) = x0. Then we have a quasi-e´tale morphism
f |U : (U, x0) → (V, x0) which is e´tale off x0. Let π : V˜ → V be the log resolution of
V and E the reduced π-exceptional divisor. In particular, (V˜ , E) is lc. Let U ′ be the
normalization of the fibre product V˜ ×V U . Denote by f
′ : U ′ → V˜ and π′ : U ′ → U the
two projections. Let p : U˜ → U ′ be the minimal resolution of U ′ and f˜ : U˜ → V˜ and
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π˜ : U˜ → U the two induced projections. Let E ′ be the reduced π′-exceptional divisor, E˜
the strict transform of E ′ on U˜ , and F˜ the reduced p-exceptional divisor.
Since f ′ is e´tale off E, f ′∗(KV˜ + E) = KU ′ + E
′ by the (tame) ramification divisor
formula. Note that (U ′, E ′) is lc by Lemma 2.3. Then f˜ ∗(KV˜ + E) = p
∗(KU ′ + E
′) =
KU˜ + E˜ +
∑
aiF˜i where F˜i is a p-exceptional prime divisor and ai = 0 or 1. Taking the
relative Zariski decomposition, we write KU˜ + E˜ + F˜ = PU˜/U + NU˜/U and KV˜ + E =
PV˜ /V +NV˜ /V . Then PU˜/U = f˜
∗PV˜ /V and NU˜/U = f˜
∗PV˜ /V +
∑
(1 − ai)F˜i. In particular,
P 2
U˜/U
= (deg f)P 2
V˜ /V
= (deg f)P 2
U˜/U
. Since deg f > 1, P 2
U˜/U
= 0 and hence U is lc. 
Let X be a variety (which is not necessarily smooth, compact, or irreducible) over
the field k of characteristic p > 0 and let H i(X,Zℓ) be the ℓ-adic cohomology group
of X . Set H i(X,Qℓ) := H
i(X,Zℓ) ⊗Zℓ Qℓ. Denote by b
i(X, ℓ) := dimQℓ H
i(X,Qℓ) the
i-th ℓ-adic Betti number of X . The ℓ-adic Euler characteristic is denoted by e(X, ℓ) :=∑
i≥0(−1)
ibi(X, ℓ). Note that e(X, ℓ) is independent of the choice of ℓ prime to p. So we
simply denote by e(X) := e(X, ℓ). We recall here two basic facts.
(1) Let Y be a closed subvariety of X and U = X\Y . Then e(X) = e(U) + e(Y ).
(cf. [23], [17, Lemma 3.1]).
(2) Let f : X → Y be an e´tale cover with fGal being tame. Then e(X) = (deg f)e(Y )
(cf. [8, Proposition 3.12]).
Inspired by the proof of Nakayama [26, Section 7.3] in the case of characteristic 0, we
extend it to characteristic p > 5.
Lemma 10.3. Let f : X → X be a quasi-e´tale non-isomorphic endomorphism of a
normal projective surface X over the field k of characteristic p > 5. Suppose deg fGal is
co-prime to p and KX ∼ 0. Then X is a Q-abelian surface.
Proof. Denote by Z := Nklt(X). Then Z is finite and f−1(Z) = Z by Lemma 10.1.
Let θk : Vk → X be the Galois closure of f
k : X → X and let τk : Vk → X be the
induced finite Galois covering such that θk = f
k ◦ τk. By Lemma 2.7, deg θk and deg τk
are co-prime to p for any k. We claim that Uk := θ
−1
k (X\Z) is smooth and the Euler
number e(Uk) = 0 when k ≫ 1.
There exist finite Galois morphisms gk, hk : Vk+1 → Vk such that τk ◦ gk = τk+1
and τk ◦ hk = f ◦ τk+1; see [26, Lemma 3.3.1] or [27, Lemma 2.5]. Then deg gk and
deg hk are co-prime to p for any k. Since X\Z is strongly F-regular, thanks to the
assumption that p > 5 (cf. [15]), gk|Uk+1 and hk|Uk+1 are e´tale when k ≫ 1 by [2, Main
Theorem]. Assume from now on that k ≫ 1. Since gk and hk are Galois and by the
purity of branch loci, we have g−1k (SingUk) = h
−1
k (SingUk) = SingUk+1. Therefore,
♯ SingUk+1 = (deg gk)♯ SingUk = (deg hk)♯ SingUk. Since deg hk > deg gk, ♯ SingUk = 0.
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Since gk and hk are tame, e(Uk+1) = (deg gk)e(Uk) = (deg hk)e(Uk) and hence e(Uk) = 0.
So the claim is proved.
Next we claim that Z is empty. Let δ : W → Vk be the minimal resolution of Vk
for some k ≫ 1. Since X is lc by Theorem 10.2 and θk is quasi-e´tale and tame, Vk is
also lc with θ−1k (Z) = Nklt(Vk) (cf. Lemma 2.3). Further, since Vk is also Gorenstein,
KW = δ
∗KVk−E ∼ −E and E is equal to the full δ-exceptional reduced divisor δ
−1θ−1k (Z);
precisely, a connected component of E is either an elliptic curve or a nodal curve or a cycle
of smooth rational curves by the classification of Gorenstein lc surfaces (cf. [19, Theorem
4.7]). So e(E) equals the number of rational curves contained in E. Therefore, e(E) ≤
ρ(W )−1 where ρ(W ) is the Picard number ofW . Note that e(W ) = e(Uk)+e(E) = e(E)
and e(W ) ≥ 2 − 4 dim(Alb(W )) + ρ(W ) where Alb(W ) is the Albanese variety of W .
Thus dim(Alb(W )) ≥ 1. So we have a ruling π : W → T to a smooth projective curve T
of genus ≥ 1. For a general fibre F of π, we have E · F = −KW · F = 2, which implies
that an irreducible component of E dominates T . Thus, dim(Alb(W )) = 1 and T is
an elliptic curve, since each irreducible component of E has genus ≤ 1. If a connected
component of E is not an elliptic curve, then it is contained in a fibre of π; however
this is impossible, since successfully blowing down (−1)-curves in fibres of π will reach
a P1-bundle over T whose fibres of course have no images of nodal curves or cycles of
rational curves. Hence, E is a disjoint union of elliptic curves and e(E) = 0. Since
dim(Alb(W )) = 1, b2(W ) = 2 by the previous inequality, and therefore W is a P
1-bundle
over T . In particular, E2 = K2W = 0, a contradiction to the negativity of E. So the claim
is proved, i.e., X is klt.
Hence X is strongly F-regular by [15]. Then X is Q-abelian by Theorem 4.6. 
Proof of Theorem 1.5. By Theorem 10.2, X is (Q-Gorenstein and) lc. Now KX being
pseudo effective implies that KX ∼Q 0 by Lemma 4.3 and the Abundance Theorem for
surfaces (cf. [30, Theorem 1.2]). Let π : Y → X be the global index-1 cover of X and
let g : Y → Y be the lifting. Then Y is normal and KY ∼ 0 by Lemma 9.2. Note that
deg gGal is co-prime to p by Lemma 9.3. So Y is further a Q-abelian surface by Lemma
10.3. Denote by Z := Nklt(X). Then Z is finite and f−1-invariant by Lemma 10.1. Thus
π−1(Z) is g−1-invariant and hence π−1(Z) = ∅ by Corollary 8.3. So Z = ∅ and X is
strongly F-regular by [15]. Then X is Q-abelian by Theorem 4.6. 
Theorem 10.4. Let f : X → X be a q-polarized separable endomorphism of a normal
projective surface X over the field k of characteristic p > 0. Suppose X is either lc or
Q-factorial. Then, replacing f by a positive power, there exists an f -equivariant relative
MMP over Y
X = X1 → · · · → Xi → · · · → Xr = Y
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(i.e. f = f1 descends to an endomorphism fi on each Xi), with every Xi → Xi+1 a
divisorial contraction or a Fano contraction, of a KXi-negative extremal ray, such that
we have:
(1) KY ∼Q 0 and fr is quasi-e´tale.
(2) For each i, fi is separable and q-polarized by some ample Cartier divisor Hi.
(3) If KX is pseudo-effective, then X = Y .
(4) If KX is not pseudo-effective, then Y is either an elliptic curve or a point. In
particular, f ∗|N1(X) is a scalar multiplication.
(5) For each i, Xi → Y is equi-dimensional with every fibre irreducible.
Suppose further p > 5 and p ∤ deg fGal. Then:
(6) Xi is lc for each i and Y is Q-abelian.
(7) If dim(Y ) > 0, then Xi is strongly F-regular (and hence klt) for each i.
Proof. By [30, Theorem 1.1] and Remark 6.7, we can run f -equivariant MMP. Note that
the MMP ends up with Y with KY being nef. If dim(Y ) < 2, then (1) is trivial. If
dim(Y ) = 2, then (1) follows from Lemma 4.3 and the Abundance Theorem for surfaces
(cf. [30, Theorem 1.2]). (2) follows from Theorem 6.5, Remark 6.6 and Lemma 2.5. If KX
is pseudo-effective, then (3) follows from Lemma 4.3. For (4), the first part follows from
(1) and (2) while the second follows from the fact that N1(X) is spanned by the pullback
of N1(Y ) and the classes of Hi which are f
∗ eigenvectors. (5) follows from Lemmas 8.5
and 8.6.
Suppose further p > 5, and p ∤ deg fGali for i = 1 and hence for all i by Lemma 2.6. (6)
then follows from Theorems 10.2 and 1.5. By Lemma 10.1, the non-klt locus Nklt(Xi)
of Xi is (fi)
−1-invariant for each i. If dim(Y ) > 0, Nklt(Xi) = ∅ by Lemma 7.5 and
Corollary 8.3. So Xi is strongly F-regular by [15] and since p > 5. So (7) is proved. 
11. Proofs of Theorems 1.6, 1.7 and 1.8
We refer to [3] and [14] for the MMP of klt 3-fold pairs with characteristic p > 5.
Proof of Theorem 1.6. If KX is pseudo-effective, then KX ∼Q 0 by Theorem 1.4 and the
theorem is then trivial.
Now we assume KX is not pseudo-effective. Then there exists a Fano contraction Xi →
Xi+1 with dim(Xi+1) ≤ 2 for some i (cf. [3, Theorem 1.7]). By Remark 6.7, replacing
f by a positive power, f descends to a q-polarized endomorphism fi+1 : Xi+1 → Xi+1.
Since X is Q-factorial, so is Xi+1 by the MMP theory. By Theorem 10.4, we may further
run f -equivariant MMP starting from Xi+1 and end up with Y such that KY ∼Q 0. Then
(1) follows from Lemma 4.3. (3) follows from Remark 6.7. For (4), we just reason as in
the proof of Theorem 10.4.
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Assume further that p ∤ deg fGali for i = 1 and hence for all i by Lemma 2.6. Since KX
is not pseudo-effective, dim(Y ) ≤ 2. By Theorem 1.5, Y is Q-abelian. If dim(Xi) ≤ 2,
then Xi is lc and Xi 99K Y is an equi-dimensional morphism with every fibre irreducible
by Theorem 10.4. If dim(Xi) = 3, then Xi 99K Y is still an equi-dimensional morphism
with every fibre irreducible by Lemmas 8.8, 8.5 and 8.6. This shows (6).
Suppose τ : Xi → Zi is a flipping contraction. Let A be an effective ample Q-Cartier
divisor such that KXi + A is τ -trivial and (Xi, A) is klt. Note that KXi + A ∼Q τ
∗D for
some Q-Cartier divisor D of Zi. Let B := τ∗A. Then KZi+B = τ∗(KXi+A) ∼Q τ∗τ
∗D =
D. Hence (Zi, B) is also klt. By Lemma 8.8, Zi 99K Y is a well defined morphism. Thus
the MMP is relative over Y . So (5) is proved.
For (7), suppose πi : Xi 99K Xi+1 is birational for some i. If πi is divisorial with E the
exceptional divisor, then E is f−1i -periodic. So the image of E in Y is also f
−1
r -periodic
by Lemma 7.5. By Corollary 8.3, E and hence πi(E) dominate Y . Thus dim(Y ) ≤
dim(πi(E)) ≤ dim(Xi) − 2. Similarly, if πi is a flip with E the exceptional locus of the
flipping contraction τ : Xi → Zi, then dim(Y ) ≤ dim(τ(E)) ≤ dim(Xi) − 3. Thus we
always have dim(Y ) ≤ 1. In particular, f ∗r is a scalar multiplication and hence f
∗ is a
scalar multiplication by (4).
(8) is true if X 99K Xi is birational by the MMP theory. Otherwise, apply Theorem
10.4. 
Lemma 11.1. Let π : X → Y be an equi-dimensional morphism from a normal projective
variety X to a Q-abelian variety Y such that π has irreducible general fibres. Suppose
πe´t1 (Xreg) is finite. Then Y is a point.
Proof. Let A → Y be the quasi-e´tale cover from an abelian variety A. Let X ′ be the
normalization of X ×Y A. Since π has irreducible general fibres, by the base change, X
′
is irreducible. Since π is equi-dimensional, X ′ → X is also quasi-e´tale. Hence πe´t1 (X
′
reg) is
also finite. Suppose dim(A) > 0. Let mA : A
′ = A→ A be the multiplication map with
m co-prime to p = char k and m > |πe´t1 (X
′
reg)|. By the base change, we have an e´tale
cover X ′′ → X ′ of degree m, a contradiction. So A = Y is a point. 
Proof of Theorem 1.7. Let π : X → Y be the induced morphism and g := fr : Y → Y
the induced q-polarized endomorphism as in Theorem 1.6. If dim(X) < 3 or Y is not
a Q-abelian surface, then either Case (1) or (2) occurs by Theorem 1.6. Suppose Y is
a Q-abelian surface and dim(X) = 3. By Theorem 1.6, the MMP has only one step: a
Fano contraction of KX-negative extremal ray. This is Case (3).
Suppose πe´t1 (Xreg) is finite. Since lim
s→∞
deg f s = ∞, f is not quasi-e´tale by the purity
of branch loci. So KX is not pseudo-effective by Lemma 4.3. By Theorem 1.6, π is an
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equi-dimensional surjective morphism such that all the fibres are irreducible and Y is
Q-abelian. So the Y in Theorem 1.6 is a point by Lemma 11.1. 
Proof of Theorem 1.8. Since Alb(X) contains no rational curves and is generated by the
image of the rationally chain connected X , it is trivial. So (1) follows from Theorem 1.1.
It is known that the e´tale fundamental group of smooth and rationally chain connected
projective variety is finite (cf. [18, Theorem 1.6]). Hence (2) and (3) follow from Theorem
1.7. 
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